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1. Introduction
Most ﬁrst courses in number theory prove a theorem of Fermat which states that for a prime
p > 2,
p = x2 + y2 ⇐⇒ p ≡ 1 mod 4.
To this direction many mathematicians dealt with the primes of the form x2 +ny2 for n = 2,3,5, and
so on. As is well known, Cox answered this problem completely by using class ﬁeld theory (see [3]).
To introduce his result, let n be a positive integer, p an odd prime relatively prime to n, and let
O = Z[√−n ] be the order in K = Q(√−n ). Then
p = x2 + ny2 ⇐⇒ p splits completely in the ring class ﬁeld KO.
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and assume that p is also relatively prime to the discriminant of fn(X). Then
p = x2 + ny2 ⇐⇒
(
(−np ) = 1 and fn(X) ≡ 0 mod p
has an integer solution
)
.
As you can see from above, the ring class ﬁelds can be used to solve that kind of Diophantine
equation. But what about ray class ﬁelds? This question was the origin of the present paper. With
the notation as above and a positive integer N , we will deﬁne in Section 2 another class ﬁeld K(N),O .
It becomes the ring class ﬁeld KO or the ray class ﬁeld K(N) according to N = 1 or O = OK . For
(p,2nN) = 1 we prove in Theorem 1 that p = x2 + ny2 with conditions x ≡ 1 mod N , y ≡ 0 mod N
if and only if p splits completely in K(N),O . Let fn,N (X) ∈ Z[X] be the minimal polynomial of a
real algebraic integer which generates K(N),O over K , and assume that p is also relatively prime to
the discriminant of fn,N (X). Then we prove in the same theorem that p = x2 + ny2 with conditions
x ≡ 1 mod N , y ≡ 0 mod N if and only if (−np ) = 1 and fn,N (X) ≡ 0 mod p has an integer solution.
For the completeness we need to ﬁnd an explicit generator of K(N),O and its minimal polynomial
fn,N (X). These will be treated in Sections 3 and 4, respectively. We give some examples in Section 5.
2. Primes of the form x2 + ny2 with x ≡ 1 mod N , y ≡ 0 mod N
For an integral ideal f of an imaginary quadratic ﬁeld K , we let I K (f) be the subgroup of all frac-
tional ideals of K relatively prime to f, and let PK ,1(f) be the subgroup of I K (f) generated by the
principal ideals αOK where α ∈OK satisﬁes α ≡ 1 mod f. For an integral ideal f of K and an order O
of conductor t in K , we deﬁne a subgroup Pf,O of I K (f(t)) by
Pf,O =
〈{
(α) ∈ I K
(
f(t)
) ∣∣ α ∈OK , α ≡ a mod f(t) for some a ∈ Z with (a, t) = 1, a ≡ 1 mod f}〉.
Since PK ,1(f(t)) ⊂ Pf,O ⊂ I K (f(t)), we may deﬁne Kf,O to be the class ﬁeld of K corresponding
to Pf,O . Note that Kf ⊂ Kf,O ⊂ Kf(t) , and Kf,O becomes the ring class ﬁeld KO of the order O or the
ray class ﬁeld Kf of modulus f according to f =OK or O =OK .
Let ρ : C → C be complex conjugation. Then ρ(Kf,O) is abelian over ρ(K ) = K with the Galois
group ρ Gal(Kf,O/K )ρ−1. If we assume f = ρ(f), then ρ(Pf,O) = Pf,O implies ρ(Kf,O) = Kf,O by
the same argument as in the proof of [3, Lemma 9.3]. Thus Kf,O is Galois over Q, and consequently
there exists a real algebraic integer ε such that Kf,O = K (ε). If we let f (X) ∈ Z[X] be the minimal
polynomial of ε over K and p a rational prime relatively prime to the discriminant of f (X), then we
have by [3, Proposition 5.29] that p splits completely in Kf,O if and only if ( dKp ) = 1 and f (X) ≡ 0
mod p has an integer solution.
Theorem 1. Let n, N be positive integers, p a rational prime relatively prime to 2nN, and let K = Q(√−n ),
O = Z[√−n ]. Then we have
(
p = x2 + ny2
x ≡ 1 mod N, y ≡ 0 mod N
)
⇐⇒ p splits completely in K(N),O.
We let fn,N (X) ∈ Z[X] be the minimal polynomial of a real algebraic integer which generates K(N),O over K .
If further p is relatively prime to the discriminant of fn,N (X), then we have
(
p = x2 + ny2
x ≡ 1 mod N, y ≡ 0 mod N
)
⇐⇒
(
(−np ) = 1 and fn,N(X) ≡ 0 mod p
has an integer solution
)
.
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we have −4n = t2dK . So p is unramiﬁed in K . We ﬁrst prove that
p = x2 + ny2, x ≡ 1 mod N, y ≡ 0 mod N
⇐⇒ pOK = pp¯, p 	= p¯, p ∈ P (N),O.
Suppose that p = x2 + ny2 with x ≡ 1 mod N and y ≡ 0 mod N . If we let p = (x + √−ny)OK , then
pOK = pp¯ is the factorization of pOK into prime ideals of K . Note that p 	= p¯ since p is unramiﬁed
in K . Now it is straightforward to verify p ∈ P (N),O because (t, p) = 1.
Conversely if pOK = pp¯, p 	= p¯, and p ∈ P (N),O , then by putting p explicitly as a principal ideal
contained in P (N),O , it follows easily that p = x2 + ny2 with x ≡ 1 mod N , y ≡ 0 mod N . Since
K(N),O ⊂ K(Nt) and (Nt, p) = 1, p is unramiﬁed in K(N),O . Therefore
p ∈ P (N),O ⇐⇒ p splits completely in K(N),O
by class ﬁeld theory. Since K(N),O is Galois over Q, we have that
pOK = pp¯, p 	= p¯, p splits completely in K(N),O
⇐⇒ p splits completely in K(N),O.
This completes the proof. 
3. Generators of K(N),O
We begin with a brief review of the theory of the Shimura reciprocity law. For more details we
refer to [1, Section 2], [4], [5, Chapter 11], [6, Chapter 6], and [7].
We ﬁx z ∈ K ∩H so that it satisﬁes a primitive equation ax2 +bx+ c = 0 with b2 −4ac = f 2dK , and
let O be the order of conductor f in K . Let FN be the ﬁeld of modular functions of level N rational
over Q(ζN ), and F =⋃∞N=1 FN . Let GL+2 (AQ) be the group consisting of all elements
x = (. . . , xp, . . . , x∞) ∈
∏
p
GL2(Qp) × GL+2 (R)
such that xp ∈ GL2(Zp) for all but a ﬁnite number of p, and let U =∏p GL2(Zp) × GL+2 (R).
Then Shimura showed that there is an exact sequence (see [6, Theorem 6.23])
1→ Q×GL+2 (R) → GL+2 (AQ) τ−→ Aut(F) → 1.
Let Kp = Qp + Qp z ∼= K ⊗Q Qp , and let A×K be the idele group of K , namely A×K =
∏′
p K
×
p the
restricted product of the K×p with respect to the unit groups (Zp + Zpz)× . Then by class ﬁeld theory
we have an exact sequence
1→ K×C× → A×K [ ,K ]−−−→ Gal(Kab/K ) → 1.
Let qz : A×K → GL+2 (AQ) be the normalized embedding deﬁned by
qz
(
(. . . ,ap + bpz, . . .)
)= (. . . ,(ap + bpT rK/Q(z) −bpNK/Q(z)) , . . .) .
bp ap
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module Zˆ + Zˆz.
Theorem 2 (Shimura reciprocity law). Let h ∈ F be deﬁned and ﬁnite at z ∈ K ∩ H. Then h(z)[s,K ] =
hτ (qz(s)
−1)(z) for an idele s ∈ A×K .
Let dK be the discriminant of K , OK the ring of integers in K , and O an order of conductor f in K .
For a rational prime p, we let OK ,p = Zp + Zp dK+
√
dK
2
∼=OK ⊗Z Zp , and Op = Zp + Zp f dK+
√
dK
2
∼=
O⊗Z Zp . Then the ring class ﬁeld KO of the order O in K corresponds to the subgroup
K×
(∏
p
O×p × C×
)
of A×K with respect to the Artin map [ , K ], and the ray class ﬁeld K(N) modulo (N) over K corre-
sponds to
K×
(∏
p|N
(1+ NOK ,p) ×
∏
pN
O×K ,p × C×
)
.
We now deﬁne K(N),O by the class ﬁeld of K corresponding to the subgroup
K×
(∏
p|N
(1+ NOp) ×
∏
pN
O×p × C×
)
of A×K with respect to the Artin map. Note that K(1),O = KO and K(N),OK = K(N) .
We have two deﬁnitions of the notation K(N),O . One is deﬁned as above and the other is Kf,O
with f = (N) in Section 2. The following proposition says that these two deﬁnitions coincide.
Proposition 3. Let O be an order in K , and N a positive integer. Then Kf,O with f = (N) corresponds to the
subgroup
K×
(∏
p|N
(1+ NOp) ×
∏
pN
O×p × C×
)
of A×K with respect to the Artin map.
Proof. Let t be the conductor of the order O. Let K(N),O be the class ﬁeld Kf,O with f = (N) in
Section 2, and let L be the class ﬁeld corresponding to the above subgroup of A×K in the hypothesis.
Then K(N),O and L are both contained in K(Nt) .
Let α ∈OK satisfy α ≡ a mod (Nt) for some a ∈ Z with (a, t) = 1 and a ≡ 1 mod (N). Since (α) ∈
P (N),O , we have (
K(Nt)/K
(α) ) = id on K(N),O . We claim that ( K(Nt)/K(α) ) = id on L. Let s = (. . . , sp, . . . ,1),
s′ = (. . . , s′p, . . . ,1) ∈ A×K be deﬁned as
sp =
{
1 if p|Nt,
α−1 if p  Nt,
s′p =
{
α if p|Nt,
1 if p  Nt.
856 B. Cho / Journal of Number Theory 130 (2010) 852–861Then we have
(
K(Nt)/K
(α)
)−1
= [s, K ] = [αs, K ] = [s′, K ] = id on L.
Hence L is contained in K(N),O .
Conversely, let s = (. . . , sp, . . . ,1) ∈ A×K be deﬁned as
sp =
{
1+ Nxp with xp ∈Op if p|N,
yp with yp ∈O×p if p  N.
Then we have [s, K ] = id on L. We claim that [s, K ] = id on K(N),O . By the strong approximation
theorem, there exists α ∈OK such that αs−1p ∈ 1+ NtOK ,p for p|Nt . Then we have that
[
s−1, K
]= [αs−1, K ]= ( K(Nt)/K
(α)
)
on K(Nt),
since the ideal of the idele αs−1 is equal to (α).
Let α = 1+ β with β ∈OK . Since sp ≡ 1 mod NOp for p|N , we have that β ∈ NOp for p|N . Since
sp ∈O×p for p  N , we have that β ∈Op for all p  N . Thus we have β ∈ NOp for all p, i.e., β ∈ NO.
Thus we can write β = N(u + tv) with u ∈ Z and v ∈OK , and α = 1+ β = (1+ Nu)+ Ntv . Note that
(1+ Nu, t) = 1, since sp ∈O×p for all p|t implies (α, t) = 1. Therefore we have that
[
s−1, K
]= ( K(Nt)/K
(α)
)
= id on K(N),O,
which implies K(N),O ⊂ L. This completes the proof. 
If z ∈ K ∩ H satisﬁes a primitive equation ax2 + bx + c = 0 with b2 − 4ac = f 2dK , and h ∈ FN is
deﬁned and ﬁnite at z, then Stevenhagen remarked in [7, Section 4] that the singular value h(z) is
contained in K(N),O for the order O of conductor f in K . This can also be proved by means of the
same argument as in [1]. For a subﬁeld F′ of F, we denote by F′(z) the ﬁeld generated over Q by all
the singular values h(z), where h ∈ F′ is deﬁned and ﬁnite at z.
Theorem 4. Let z ∈ K ∩ H satisfy a primitive equation ax2 + bx+ c = 0 with b2 − 4ac = f 2dK , and letO be
the order of conductor f in K . Then we have K · FN (z) = K(N),O for any positive integer N.
Proof. Here we give a proof by means of the same argument as in [1]. Let S be the subgroup Q×UN
of GL+2 (AQ) where
UN =
{
u ∈ U
∣∣∣ up ≡
(
1 0
0 1
)
mod N · M2(Zp) for all p
}
.
Then the subﬁeld FS of F corresponding to S with respect to τ becomes FN . Hence by [6, Proposi-
tion 6.33] it is enough to prove that
K×q−1z (S) = K×
(∏
p|N
(1+ NOp) ×
∏
pN
O×p × C×
)
.
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K×q−1z (S) = K×
{
(. . . ,ap + bpz, . . .) ∈ A×K
∣∣∣ ap ≡ ap − bp b
a
≡ 1 mod NZp,
bp ≡ −bp c
a
≡ 0 mod NZp, a2p − apbp
b
a
+ b2p
c
a
∈ Z×p for all p
}
= K×{(. . . ,ap + bpz, . . .) ∈ A×K ∣∣ ap ≡ 1 mod NZp, bp ≡ 0 mod aNZp,
(ap + bpz)(ap + bp z¯) ∈ Z×p for all p
}
= K×
(∏
p|N
(1+ NOp) ×
∏
pN
O×p × C×
)
.
This completes the proof. 
We need the following theorem to get a more useful generator of K(N),O .
Theorem 5. Let O = Z + Zz be an order in K , and x2 + bx + c = 0 the primitive equation associated to
z ∈ H. Let F′ be the ﬁeld of all modular functions for Γ1(N) with rational Fourier coeﬃcients. Then we have
K · F′(z) = K(N),O for any positive integer N.
Proof. The proof is similar, but we need the condition O = Z + Zz, that is, a = 1 in Theorem 4. Let S
be the subgroup Q×U ′ of GL+2 (AQ) where
U ′ =
{
u ∈ U
∣∣∣ up ≡
(
1 ∗
0 ∗
)
mod N · M2(Zp) for all p
}
.
Then the subﬁeld FS of F corresponding to S with respect to τ is equal to F′ (see [1, Proposition 3.2]).
Since we have
K×q−1z (S) = K×
{
(. . . ,ap + bpz, . . .) ∈ A×K
∣∣ ap − bpb ≡ 1 mod NZp, bp ≡ 0 mod NZp,
− bpc,ap ∈ Zp, a2p − apbpb + b2pc ∈ Z×p for all p
}
= K×{(. . . ,ap + bpz, . . .) ∈ A×K ∣∣ ap ≡ 1 mod NZp, bp ≡ 0 mod NZp,
(ap + bpz)(ap + bp z¯) ∈ Z×p for all p
}
= K×
(∏
p|N
(1+ NOp) ×
∏
pN
O×p × C×
)
,
the desired assertion is proved. 
Let F′ be the ﬁeld as in Theorem 5 with genus 0 for Γ1(N). If j1,N is a Hauptmodul for Γ1(N)
with rational Fourier coeﬃcients, then F′ = Q( j1,N ). So we can get an explicit generator of K(N),O as
follows.
Corollary 6. LetO = Z+Zz be an order in K , and x2 +bx+ c = 0 the primitive equation associated to z ∈ H.
Let j1,N be the Hauptmodul for Γ1(N) with rational Fourier coeﬃcients. Then we have K ( j1,N(z)) = K(N),O .
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All the Galois conjugates of singular values of modular functions can be obtained by the Shimura
reciprocity law in Section 3. We now develop a practical method for computing Galois conjugates of
singular moduli.
With the notation as in Section 3, let Q = [A, B,C] be a primitive positive deﬁnite binary quadratic
form of discriminant f 2dK , and zQ = −B+ f
√
dK
2A , and we deﬁne an idele sQ = (. . . , sQ ,p, . . . ,1) ∈ A×K
by
sQ ,p =
⎧⎪⎨
⎪⎩
A if p  A,
AzQ if p|A and p  C,
A(zQ − 1) if p|A and p|C
for each rational prime p. Then the restriction of [sQ , K ] onto KO is equal to the Galois automor-
phism corresponding to Q via the isomorphism of the form class group Cl( f 2dK ) onto Gal(KO/K )
(see [7, Section 6]).
From [7, (4.3)] we recall the exact sequence
O× i−→ (O/NO)× → Gal(K(N),O/KO) → 1.
For all the complete representatives α ∈ O of (O/NO)×/i(O×), we deﬁne an idele sα = (. . . , sα,p,
. . . ,1) ∈ A×K by
sα,p =
{
1 if p  N,
α if p|N
for each rational prime p. Then the above exact sequence implies that the restriction of [sα, K ] onto
K(N),O form the Galois group Gal(K(N),O/KO) while α ∈O runs over all the complete representatives
of (O/NO)×/i(O×).
Combining together, we get that the restriction of [sαsQ , K ] onto K(N),O form the Galois group
Gal(K(N),O/K ) while α ∈O and Q run over all the complete representatives of (O/NO)×/i(O×) and
Cl( f 2dK ), respectively. Note that the representatives Q and α can be given explicitly. For example,
we can take Q as reduced ones, and take α =m+nf dK+
√
dK
2 up to i(O×) such that 0m,n < N and
(NK/Q(α),N) = 1.
For a given z and Q as above, we further let
Mz,Q =
(
1 b−B2a
0 Aa
)
so that Mz,Q
( az
a
)= ( AzQ
A
)
.
Proposition 7. Let z ∈ K ∩ H satisfy a primitive equation ax2 + bx + c = 0 with b2 − 4ac = f 2dK , and let
h ∈ F satisfy h(z) ∈ K(N),O for the orderO of conductor f in K . Then every Galois conjugate of h(z) over K is
of the form
h(z)[(sα s
−1
[a,b,c]sQ )
−1,K ] = hτ (qz(sα s−1[a,b,c]sQ )M−1z,Q )(zQ ),
while α ∈O and Q run over all the complete representatives of (O/NO)×/i(O×) and Cl( f 2dK ), respectively.
Furthermore qz(sαs
−1
[a,b,c]sQ )M
−1
z,Q is contained in U .
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−1
[a,b,c]sQ )M
−1
z,Q is actually contained in U .
Since qz(sα) ∈ U by its deﬁnition, it is enough to prove that qz(s−1[a,b,c]sQ )M−1z,Q ∈ U . If we let aQ =
ZAzQ + ZA be the proper O-ideal of K corresponding to Q , then (aQ )p = sQ ,pOp for all rational
primes p. Let qz,p be the p-component of the normalized embedding qz . Then we have that for every
rational prime p,
Z2p
(
AzQ
A
)
= (aQ )p = sQ ,pOp = s−1[a,b,c],psQ ,p(a[a,b,c])p
= Z2ps−1[a,b,c],psQ ,p
(
az
a
)
= Z2pqz,p
(
s−1[a,b,c],psQ ,p
)(az
a
)
= Z2pqz,p
(
s−1[a,b,c],psQ ,p
)
M−1z,Q
(
AzQ
A
)
.
This means that Z2 = Z2qz(s−1[a,b,c]sQ )M−1z,Q . Hence we obtain the assertion by [6, (6.4.6)]. 
To get a little more explicit formula for the Galois conjugates of singular moduli, we ﬁrst deﬁne
Wz(K(N),O/KO) by the set of qz(sα), where α ∈ O runs over all the complete representatives of
(O/NO)×/i(O×), namely
Wz(K(N),O/KO) =
{(
m+ n f dK−b2 −nc
na m+ n f dK+b2
)
∈ GL2(Z/NZ)
∣∣∣m,n ∈ Z/NZ}/qz(O×).
Then we have an isomorphism Wz(K(N),O/KO) ∼= Gal(K(N),O/KO) via
β−1 → (h(z) → hτ (β)(z))
for any h ∈ FN which is deﬁned and ﬁnite at z.
Now we deﬁne uQ ∈ U by uQ = qz(s−1[a,b,c]sQ )M−1z,Q except for 1 as the archimedean component,
i.e., uQ = (. . . ,uQ ,p, . . . ,1) is deﬁned by the following:
Case 1: p  a,
uQ ,p =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
a−1
(
A − b−B2
0 a
)
if p  A,
a−1
(− b+B2 C
a 0
)
if p|A and p  C,
a−1
(
A− b+B2 −C+ b−B2
a −a
)
if p|A and p|C .
Case 2: p|a and p  c,
uQ ,p =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
c−1
( 0 c
−A − b+B2
)
if p  A,
c−1
( c 0
− b−B2 C
)
if p|A and p  C,
c−1
( c −c
A− b−B2 C+ b+B2
)
if p|A and p|C .
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uQ ,p =
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
(a + b + c)−1(−A c+ b−B2−A −a− b+B2
)
if p  A,
(a + b + c)−1( c+ b+B2 C−a− b−B2 C
)
if p|A and p  C,
(a + b + c)−1( c+A+ b+B2 −c+C− b−B2−a+A− b−B2 a+C+ b+B2
)
if p|A and p|C .
Then we have an isomorphism Cl( f 2dK ) ∼= Gal(KO/K ) via
Q −1 → (h(z) → hτ (uQ )(zQ ))
for any h ∈ F with h(z) ∈ KO .
Since Gal(K(N),O/K )/Gal(K(N),O/KO) ∼= Gal(KO/K ), we can formulate all the above consideration
as the following theorem.
Theorem 8. Let z ∈ K ∩H satisfy a primitive equation ax2 +bx+ c = 0with b2 −4ac = f 2dK , and let h ∈ FN
be deﬁned and ﬁnite at z. Then h(z) is contained in K(N),O for the orderO of conductor f in K , and the set
{
hτ (β)τ (uQ )(zQ )
∣∣ β ∈ Wz(K(N),O/KO), Q ∈ Cl( f 2dK )}
becomes the set of all the Galois conjugates of h(z) over K .
5. Examples
We recall that the genus of Γ1(N) equals 0 if and only if 1  N  10 or N = 12, and that the
Hauptmodul j1,N(τ ) has rational integer Fourier coeﬃcients. By inserting τ = √−n into the Fourier
expansion of j1,N(τ ) we can see that j1,N(
√−n ) is real. We assume that the Fourier expansion of
j1,N starts with q−1 + O (1). Then one can prove that j1,N is integral over Z[ j] by verifying that j1,N
has algebraic integer Fourier coeﬃcients at all cusps of Γ1(N) (see the proof of [1, Corollary 5.5]
or [2, Lemma 11]). In particular this says that j1,N(z) is an algebraic integer for any imaginary
quadratic argument z. Combining these with Corollary 6 we ﬁnd that for N ∈ {1, . . . ,10,12} and
n ∈ Z>0 the singular modulus j1,N(√−n ) is a desired real algebraic integer which generates the class
ﬁeld K(N),O .
As an example we consider the primes of the form x2 + y2 with conditions x ≡ 1 mod 3, y ≡ 0
mod 3. Let K = Q(i), O = Z[i], z = i, and take
j1,3(τ ) = η(τ )
12
η(3τ )12
as a Hauptmodul for Γ1(3). Then by Theorem 8 we can ﬁnd a class polynomial for K(3),O as follows:
f1,3(X) = X2 − 486X − 19683.
Since the discriminant of f1,3(X) is 2439, and f1,3(X) ≡ 0 mod p with p > 3 has an integer solution
if and only if ( 3p ) = 1, we have the following assertion by Theorem 1:
(
p = x2 + y2
x ≡ 1 mod 3, y ≡ 0 mod 3
)
⇐⇒ p ≡ 1 mod 12.
B. Cho / Journal of Number Theory 130 (2010) 852–861 861For the case n = 3, N = 2 we take
j1,2(τ ) = η(τ )
24
η(2τ )24
as a Hauptmodul for Γ1(2). Then f3,2(X) = X2 − 53248X + 1048576 and thereby
(
p = x2 + 3y2
x ≡ 1 mod 2, y ≡ 0 mod 2
)
⇐⇒ p ≡ 1 mod 12.
We can consider the case n = 1, N = 5 as above. But for convenience we will exploit the previously
known class polynomials. Let K = Q(i) and O = Z[i]. Note that K(5),O is equal to the ray class ﬁeld
K(5) by deﬁnition. If we let j5(τ ) be a Hauptmodul for Γ (5) which is the reciprocal of the Rogers–
Ramanujan continued fraction, then j5(i) is real and K ( j5(i)) becomes the ray class ﬁeld K(5) by [1,
Corollary 5.2]. Its minimal polynomial is also given in [1, Section 6] as
f1,5(X) = X4 − 2X3 − 6X2 + 2X + 1.
Hence we have for p > 5,
(
p = x2 + y2
x ≡ 1 mod 5, y ≡ 0 mod 5
)
⇐⇒
(
p ≡ 1 mod 4 and f1,5(X) ≡ 0 mod p
has an integer solution
)
.
Acknowledgment
The author would like to express hearty thanks to the referee for helpful comments on an earlier
version of this paper.
References
[1] B. Cho, J.K. Koo, Construction of class ﬁelds over imaginary quadratic ﬁelds and applications, Q. J. Math., doi:10.1093/qmath/
han035, in press.
[2] B. Cho, J.K. Koo, Y.K. Park, Arithmetic of the Ramanujan–Göllnitz–Gordon continued fraction, J. Number Theory 129 (2009)
922–947.
[3] D. Cox, Primes of the Form x2 + ny2, John Wiley & Sons, 1989.
[4] A. Gee, Class invariants by Shimura’s reciprocity law, J. Theor. Nombres Bordeaux 11 (1999) 45–72.
[5] S. Lang, Elliptic Functions, Springer-Verlag, 1987.
[6] G. Shimura, Introduction to the Arithmetic Theory of Automorphic Functions, Iwanami Shoten and Princeton University
Press, 1971.
[7] P. Stevenhagen, Hilbert’s 12th problem, complex multiplication, and Shimura reciprocity, in: K. Miyake (Ed.), Class Field
Theory—Its Centenary and Prospect, in: Adv. Stud. Pure Math., vol. 30, Mathematical Society of Japan, Tokyo, 2001, pp. 161–
176.
